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Abstract 

In string theory, there are no continuous global symmetries. Discrete symme- 
tries frequently appear, and these can often be understood as unbroken subgroups 
of larger, spontaneously broken gauge symmetries (discrete gauge symmetries). In 
cases which have been studied previously, anomalies in these symmetries could 
always be cancelled by a Green-Schwarz mechanism. In the present work, we de- 
scribe results of an investigation of a large number of ^3 orbifold models with two 
and three Wilson lines. We find that the discrete gauge anomalies can always be 
cancelled. 
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In the absence of a definitive understanding of the vacuum structure of string 
theory, it is of interest to enumerate those properties of the theory that may be 
considered generic or universal. One well known example'^' is that all continuous 
symmetries in string theory are gauge symmetries. This remarkably powerful con- 
clusion is reached by noting that for every current there is a corresponding gauge 
boson vertex operator. Whether or not this conclusion can be extended to discrete 
symmetries is of great interest. In field theory, gauged discrete symmetries, by 
definition, arise through the spontaneous breakdown of continuous local symme- 
tries. It is clear then that any such discrete symmetry is anomaly-free, this being 
inherited from the underlying symmetry. 

At low energies, this anomaly freedom leads to a useful constraint obtained by 
requiring that the 't Hooft effective fermion vertex be invariant under the discrete 
symmetry. Otherwise, instanton effects would lead to explicit violations of the 
symmetry, and it could not be gauged. In string theory, previous studies suggest 
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that a shghtly more general result holds. In this case the instanton vertex is 
accompanied by an exponential of the model-independent axion field (the part- 
ner of the dilaton, whose vacuum expectation value sets the value of the gauge 
coupling). A discrete symmetry can be gauged only if the transformation of the 
fermionic part of the instanton vertex can be cancelled by assigning a shift to 
the model-independent axion. This is just the four-dimensional analogue of the 
Green-Schwarz mechanism applied to discrete symmetries. In a large number of 
Calabi-Yau compactifications (with or without Wilson lines), it has been shown 
that such an assignment is possible!*' We should note, however, that there is no 
deep understanding of how this transformation law arises. (Nor can one be certain 
that it does arise.) This is to be contrasted with the Green-Schwarz terms for con- 
tinuous symmetries, where one can check that the appropriate couplings (to gauge 
bosons) appear in perturbation theory. 

This cancellation is non-trivial in the case in which there is more than one non- 
Abelian gauge group. The discrete anomalies of each gauge group must match in 
order that they all be cancelled by the transformation of the one model-independent 
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axion. If all discrete symmetries are gauge symmetries in string theory, then they 
must pass this rather stringent test. 

In this paper we report the results of an investigation of discrete gauge anoma- 
hes in a large number of models orbifold models with Wilson lines. We find that 
in all models investigated, the discrete gauge anomalies can be cancelled through 
a transformation of the axion. 



1. Z3 Orbifolds with Wilson Lines 

The Z3 orbifold compactification of the heterotic string is simple and well 
known!*' We begin by reviewing the relevant formalism. 

The Z3 orbifold with Wilson hues is obtained by modding IR^ by the space 
group S, consisting of rotations in three two-dimensional planes and translations: 

S : Z ^eZ + v. (1.1) 

Associated with this is a transformation of the £^8 x Eg lattice 



(9,0)^ (]1,V^) 
(1, el) (1, a^) 



;i.2) 



and a transformation of the bosonized fermion lattice: 

(e>,o)^(]i,vj 

(1,6^^(1,0). 



:i.3) 



These models are completely specified by the shift vector V and Wilson lines 

a^, m = 1, 3, 5. These vectors must satisfy the modular invariance constraints 
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3 I^V + J] n'^a^ j = mod 2, n'^ = 0, ±1 (1.4) 
and the requirements 3V, 33^ E Eg x Eg. The gauge bosons for these models 
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correspond to vectors P G Eg x Eg satisfying 



p2 = 2, P • V e Z, P • G Z, Vm. (1.5) 
Massless matter states from the untwisted sector are given by 

p2 = 2, P • V = ^ mod 1, P • e Z, Vm. (1.6) 
Massless states from the twisted sectors are given by 

|^P + V + J]n"^a^j =1 (multiplicity 1) (1.7) 



and 



/ y 2 

P + V+ > nJ^Siffi j — — (oscillator states, multiplicity 3) . 

V m ) ^ 
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With three inequivalent non-zero Wilson lines there are twenty-seven distinct 
twisted sectors. 

Whereas the modding © is chosen to be the diagonal Z3 given by ©*• = 
5j exp(27ri77-^73) with 77 = (1,1,-2), we will look for anomalies in the discrete 
Z3 rotation of one of the three SU{3) lattices, referred to here as Gi. Before mod- 
ding, it is clear that this is just a general coordinate transformation in the internal 
space. That it remains a symmetry of the interacting theory may be verified by 
checking that it commutes with the BRST operator. To determine the action of 
this discrete rotation on the fermions of the model, it is simplest to bosonize the 
right-moving fermions. In the light-cone gauge, the quantized momenta of bosons 
describing the (GSO projected) Ramond sector belong to the (s) representation of 
SO (8). The positive helicity momenta are therefore of the form 

{ni + ^,n2 + ^,n3 + ^■,+^) , J]] = mod 2, rij e Z (1.9) 

i 

where the last component of k is the spacetime helicity. 
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A Gi-rotation of 27r/3 of the first 5*^7(3) lattice corresponds to a shift of the 
bosonized field: 

0^0 + 27rvi vi = (i,0,0;0) . (1.10) 

The right-moving component of a state will therefore acquire a phase under the 
discrete Gi-rotation given by e^'^*-''!. We see also from this consideration that 
Gi is an R-symmetry; the gauginos (and the supercharges), with k = 
transform under Gi by a phase e*"^/^. 

In the twisted sectors, the momenta (1.9) are shifted according to 

k^k + VH Vh= (i,J,-i;0). (1.11) 

Massless twisted (matter) sector states must have a right-moving component with 
momentum given by"^ 

These states acquire a phase under the discrete rotation given by e{^'^*^'*^"'"^'^^"^i}. 

Gi will also have an effect on the left-moving component of the massless os- 
cillator states of the form |k)^Q;^j^^g |P)l ' ^ ~ 1)2,3. Because a* (in particular, 
a^) transforms like under the discrete rotation, there is an additional phase of 
g27ri/3 ^Yioi must be take into account for states of this type. 



★ We are indebted to Luis Ibanez for pointing out that one must be careful with this hehcity 
assignment for the twisted sector. 
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2. Models 



The 't Hooft vertex for a given model and non-Abelian gauge group is a product 
of the form 

f^ia/fa -Q . . . ^ 

massless 

with one field if) for each zero mode of a given muhiplet. There is a single zero 
mode for each doublet of SU{2) or triplet of SU{2>), and four or six zero modes 
for the SU{2) or SU{3) gauginos respectively. Defining a — e^^*/^ and using the 
above relations, we find that for a model with Njjt untwisted matter doublets or 
triplets, and Ntw matter doublets or triplets, the transformation of the 't Hooft 
vertex under the discrete transformation is given by 

gW/a ^^...^^a-^t'^V^^/^a^^e*'*/^'' j/jt/;---^ (2.1) 

massless massless 

with Cg the quadratic Casimir. If the phase given in Eq. (2.1) is non-zero, 
the discrete symmetry is anomalous. However, note the presence of the model- 
independent axion in the 't Hooft vertex; its form is universal for each non-Abelian 
group. The discrete anomaly may be cancelled by assigning a Gi-transformation 
to the axion if and only if the transformation (2.1) is the same for each non-Abelian 
group. In earlier studies, it was shown that many models do satisfy this condition. 
For example, if one takes the Calabi-Yau manifold Y^, with Wilson lines, one finds 
that this condition is satisfied for any choice of Wilson hue, for either the Eg x Eg 
or 0(32) theories. 

An example of a particular model with cancellable discrete gauge anomalies is 
generated by the vectors: 

V = (-§ , 0, -|, 0, 0, -1 0, 0) (0, 0, -|, |, |, 0, 0, 0) 
ai = (0, 0, 0, |, 0, 0, 0, 0) (0, i, 0, 0, 0, 0, -i O) 

(1212 2\/122 1\ 
0, 0, 0, -3, 3,3,3,-3) (-3, 3, 3, 0, 0, 0, 0, - gj 

as = (0, 0, 0, 0, 0, |, 0, 0) (0, 0, -i, 0, J, 0, 0, 0) . 
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This model has the gauge group SU (3) ® SU (2) ® SU (2) with SU (2) charge oper- 
ators given by: 

/3 = 1(1, 0, -1, 0, 0, 0, 0, 0)(0, 0, 0, 0, 0, 0, 0, 0) 
= i(0, 0, 0, 0, 0, 0, 0, 0)(1, 0, 0, 0, 0, 0, 0, -1) 

The full spectrum of this model is 

(3, 1, 1) + (3, 1, 1) + 20 [(1, 2, 1) + (1, 1, 2)] + 205(1, 1, 1). (2.3) 

Six of the twenty SU (2) doublets are from the untwisted sector, and the remaining 
doublets are from the twisted sector, for both 5'C/(2)'s. For the SU{3), both the 
3 and 3 are twisted matter. The discrete transformation for the fermionic part of 
the 't Hooft action for each of the gauge groups is a^^^. 

On the order of 10^ randomly generated ^3 orbifold models were investigated. 
The search included models with two or three non-zero Wilson hues. We found 
that in all cases the discrete anomalies can be cancelled through a transformation 
of the model independent axion. 

3. Conclusions 

Previously, only a limited number of string theory models have been checked 
for the cancellation of discrete gauge anomalies. In this paper we report on an 
investigation of a huge number of models, and have found that this cancellation 
always occurs. While searches to date have involved only particular types of mod- 
els, and the search should be expanded to other types of string theory models, 
we suspect that there exists some general connection between the requirement of 
modular invariance and the cancellation of discrete gauge anomalies. 
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